
The Numerical Theory 

PHONOLOGICAL SUBSTRATE. 

l.A set of dimensions (domains) Di , with its elements, upon which a scale is defined, 
with an origin, with distance. 

A phonological structure consists of combinations of elements from the Di. These 
combinations are defined in the usual way. 

2. A set of atomic transitions, or elementary operations ti. These can be identified with 
the elementary operations of modern phonology -- delete · a feature, an association line, 
spread, etc. 

THE THEORY. 

1. Harmony structure. 

a. On each of the Di, we have a harmonic function w _ Di, subject to the following 
condition: 

Harmony Scaling Condition. 
w(x) = h ( dist (O,x) ) h monotonically decreasing, h > 0. 

This function h converts phonological distance into harmony. 

b. Associated with the construction of full representions from atomic elements is the 
construction of a full harmonic evaluation 
W from the w's. In the simplest case, we'll have simple addition. 

2. Transition Theory. 

Atomic transitions are associated with a cost. 

Transition Scaling Condition. 
t(x-+y) = f( dist(x,y) ) f monotonically increasing. 

f(O) = 0. 

This function f converts distances into cost. There is no cost for remaining the same. 

I 



3. Atomic Benefit. 

We define the benefit of an atomic transition as follows: 

b(x-+y) = w(y) - w(x)- w(x)*t(x-+y) 
= I!.W- w(x)*t(x-+y) 

This submits to the following condition: 

Benefit Scaling Condition = Small Step Condition. 
b(x-+y) = g ( dist(x,y) ) g monotonically decreasing. 

This ensures that the benefit of LARGER transitions is LESS than the benefit of smaller 
transitions, where large/small are determined from distance on the phonological scale of 
the domain. Thus small steps are the best. 

As stated, it has a somewhat puzzling character, since conceptually t and w are the 
basic entities and g is an intruder, not used to calculate anything. Indeed, it seems 
unlikely that there is an articulated scale such that b(x-+y) = b(z-+u) just because x-y = 
z-u (even if this determination can be made). 
However, it's not obvious if there are natural constraints on w and t that would do the 
trick. 

3. Dynamics. 

Transition Rule. X -+ Y iff B(X-+ Y) > 0, where B is the 'benefit' of transforming X to Y. 
We define B as follows, 

Benefit: 

B(X-+Y) = W(Y)- W(X)- W(X)*T(X-.Y) 

Now, B(X-+Y)/ W(X) = ll.W/W(X)- T(X-+Y) >0 iff B>O. 

Thus the Transition Rule becomes "X-. Y iff the proportional increase in wffedness 
exceeds the total transition penalty." 

4. Basic Properties of the Theory. 

Harmonic Lemma. All allowed transitions are harmonic. 
Pf. If W(Y) < W(X) then B(X-+ Y) < 0 because W(Y)-W(X) < 0. 
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Context Lemma. Suppose X-+Y by virtue of a single atomic transition t(x-+y). Then 
B(X-+ Y) = b(x-+y) - W(X-x)*t(x-+y) 

= atomic benefit- w(context)*t(atomic transition) 

Whence: B(X-+Y) < b(x-+y). 

Pf. Obvious. 

Dimensional Small Step Theorem. Let Y be a fixed final state. Say X1-+ Y by virtue of 
x1-+y and X2-+ Y by virtue of x2-+y, where 
dist(x1,y) < dist(x2,y). 

Pf. 
Now since x1,x2 are drawn from the same dimension, and are transformed to yield 

the same result, it must be that the context terms Xrx1 = X2-x2 : = X'. So we have: 

B(X1-+ Y) = b(x1-+y) - W(X')*t(x1-+y) 
B(X2-+ Y) = b(x2-+y) - W(X')*t(x2-+y) 

Note that we are assume ADDITIVE combination of elementary harmonies, so there is 
massive cancellation in the wff-difference terms. 

Subtracting, 

B(X1-+ Y) - B(X2-+ Y) 
= b(x1-+y) - b(x2-+y) - W(X')*t(x1-+y) + W(X')*t(x2-+y) 

= b(x1-+y) - b(x2-+y) + W(X')[ t(x2-+y) - t(x1-+y) ] 

Now, the b-terms sum up as positive, by the Benefit Scaling Condition, which holds that 
benefits of smaller transitions are greater. Further, the t-terms sum up as positive, by 
the Transition Scaling Condition. Since W is always positive, we have 

This theorem shows that the Benefit Scaling Condition, which applies to atomic benefits, 
leads to an analogous effect in context. 

Note 1. This proof makes no commitment to the relative wffedness of X1, X2 • However, 
it must be that W(X1) > W(X2), since xl is closer toy and by the Harmony Scaling 
Condition, w(x1) > w(x2). This is particularly interesting wrt the Diminishing Returns 
Theorem. 
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Note 2. For better or worse, a numerical account of 'distance' allows us to compare 
distances across dimensions. Thus we could look for a more general result. 

Let Y be a fixed final state. Say Xc~ Y by virtue of Xf ... Yl and X2-+ Y by virtue of 
x2-+y2, where dist(x1,y1) < dist(x2,y2). 

For example would could have p-+t and n-+t, where we measure and compare the 
distance of [lab] from [cor] and [nasal] from [nonnasal]. Here, however, I don't think 
we get a result. 

B(X1-+Y) = b(x1-+y1)- W(X1-x1)*t(x1-+y1) 

B(X2-+ Y) = b(x2-+y2) - W(X2-x2)*t(x2-+y2) 

Subtracting, 

B(X1-+ Y) - B(X2-+ Y) 
= b(x1-+y1) - b(x2-+y2) - W(X1-x1)*t(x1-+y1) + W(X2-x2)*t(x2-+y2) 

= b(x1-+y1) - b(x2-+y2) - W(X1-x1)*t(x1-+y1) + W(X2-x2)*t(x2-+y2) 

Clearly, the b-terms sums as positive, as before. But no conclusion can be drawn about 
the rest. 

Diminishing Returns Theorem. Let t(x-+y) be an atomic transition. Suppose t can apply in 
both X1 and X2, where W(X1) > W(X2). Then the benefit of applying t to the more 
wellformed X1 is SMALLER than the benefit of applying it to the less-wellformed X2• 

Pf. 
B(X1-+ Y1) = b(x-+y) - W(X1-x)*t(x-+y) 
B(X2-+ Y2) = b(x-+y) - W(X2-x)*t(x-+y) 

We crucially assume additive combination of elementary harmonies. 

Subtracting, 

B(X1-+ Y 1) - B(X2-+ Y 2) 

= W(X2-x)*t(x-+y) - W(X1-x)*t(x-+y) 

This has the same sign as W(X2-x)- W(Xcx). But this must be negative, since W(X1) > 
W(X2), and by additivity, 
W(X-x) = W(X) - w(x). (Slight abuse of notation here, but no ill consequences.) 

Remark. The Diminishing Returns Theorem tells us that the same transition has less 
benefit when applied to a higher-harmony form. 

The (Dimensional) Small Step Theorem tells us, in apparent contrast, that a small 
transition from a higher-harmony form will have greater benefit than a large transition 
from a lower harmony form (where the difference in harmony is exactly due to the 
differing status of the element that is changed by the transition). Thus, in aiming at a 
single target, a small change in a high harmony element bests a large change in a low 



harmony element -- i.e., the value of small change (short t) is more significant than the 
value of eliminating low harmony elements (harmony of input). 

5. Results. 

Rl) "Labials float before Coronals". I.e. Deleting a coronal position implies deleting a 
labial position. Ex. Word final conditions -- only coronals allowed, all else must go. 
Then, more stringently: all must go. 

Pf. Take this to be the transition: C -+ 0. Since coronals are more wf d than 
labials, by the Diminishing Returns Theorem, there is less benefit to performing this 
operation in the coronal context. So if the benefit of deleting C for a coronal > 0, so is 
that of deleting C for a labial. 

R2) Codas assimilate before onsets (for a given segmental content). Let assimilation be 
replacement of F from POA by 0. 

Since filled onsets are more wf than filled codas (NB!), it follows from the Diminishing 
Returns Theorem that there is less benefit to modifying an onset. 
<The artificiality here is than onsets virtually never assimilate; what we really want is a 
tendency for codas to assimilate.> 

R3) Coronals assimilate before Labials (in a given syllabic position). This is a 
consequence of the Small Step Theorem. 
We assume that assimilated C's LACK POA. Thus assimilated C's are the same, so we're 
talking abouting getting to Y from X1 and X2, where these differ only in POA. Since 
coronals are closer to 0, the step is smaller, and the benefit is greater. 

R4) Basic Syllable Typology. 


